Introduction {#Sec1}
============

While there have been several works on linear- and real-time language recognition by cellular automata over the years (see, e.g., \[[@CR14], [@CR24]\] for an overview), interest in the sublinear-time case has been scanty at best. We can only speculate this has been due to a certain obstinacy concerning what is now the established acceptance condition for cellular automata, namely that the first cell determines the automaton's response, despite alternatives being long known \[[@CR18]\]. Under this condition, only a constant-size prefix can ever influence the automaton's decision, which effectively dooms sublinear time to be but a trivial case just as it is for (classical) Turing machines, for example. Nevertheless, at least in the realm of Turing machines, this shortcoming was readily circumvented by adding a random access mechanism to the model, thus sparking rich theories on parallel computation \[[@CR5], [@CR20]\], probabilistically checkable proofs \[[@CR23]\], and property testing \[[@CR8], [@CR19]\].

In the case of cellular automata, the adaptation needed is an alternate (and by all means novel) acceptance condition, covered in Sect. [2](#Sec2){ref-type="sec"}. Interestingly, in the resulting model, called ACA, parallelism and local behavior seem to be more marked features, taking priority over cell communication and synchronization algorithms (which are the dominant themes in the linear- and real-time constructions). As mentioned above, the body of theory on sublinear-time ACAs is very small and, to the best of our knowledge, resumes itself to \[[@CR10], [@CR13], [@CR21]\]. Ibarra et al. \[[@CR10]\] show sublinear-time ACAs are capable of recognizing non-regular languages and also determine a threshold (namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (\log n)$$\end{document}$) up to which no advantage compared to constant time is possible. Meanwhile, Kim and McCloskey \[[@CR13]\] and Sommerhalder and Westrhenen \[[@CR21]\] analyze the constant-time case subject to different acceptance conditions and characterize it based on the locally testable languages, a subclass of the regular languages.

Indeed, as covered in Sect. [3](#Sec5){ref-type="sec"}, the defining property of the locally testable languages, that is, that words which locally appear to be the same are equivalent with respect to membership in the language at hand, effectively translates into an inherent property of acceptance by sublinear-time ACAs. In Sect. [4](#Sec6){ref-type="sec"}, we prove a time hierarchy theorem for sublinear-time ACAs as well as further relate the language classes they define to the regular languages and the parallel computation classes $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {AC}$$\end{document}$. In the same section, we also obtain an improvement on a result of \[[@CR10]\]. Finally, in Sect. [5](#Sec10){ref-type="sec"} we consider a plausible model of ACAs as language deciders, that is, machines which must not only accept words in the target language but also explicitly reject those which do not. Section [6](#Sec13){ref-type="sec"} concludes.

Definitions {#Sec2}
===========

We assume the reader is familiar with the theory of formal languages and cellular automata as well as with computational complexity theory (see, e.g., standard references \[[@CR1], [@CR6]\]). This section reviews basic concepts and introduces ACAs.
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                \begin{document}$$\mathbb {N}_+$$\end{document}$ that of (strictly) positive integers, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma $$\end{document}$, *w*(*i*) is the *i*-th symbol of *w* (starting with the 0-th symbol), and $\documentclass[12pt]{minimal}
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                \begin{document}$$I_k(w)$$\end{document}$ are the prefix, suffix and set of infixes of length *k* of *w*, respectively, where $\documentclass[12pt]{minimal}
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                \begin{document}$$|w| \le k$$\end{document}$. Unless otherwise noted, *n* is the input length.

(Strictly) Locally Testable Languages {#Sec3}
-------------------------------------
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                \begin{document}$$\mathsf {REG}$$\end{document}$ of regular languages is defined in terms of (deterministic) automata with finite memory and which read their input in a single direction (i.e., from left to right), one symbol at a time; once all symbols have been read, the machine outputs a single bit representing its decision. In contrast, a *scanner* is a memoryless machine which reads a span of $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in \mathbb {N}_+$$\end{document}$ symbols at a time of an input provided with start and end markers (so it can handle prefixes and suffixes separately); the scanner validates every such substring it reads using the same predicate, and it accepts if and only if all these validations are successful. The languages accepted by these machines are the strictly locally testable languages.[1](#Fn1){ref-type="fn"}

### Definition 1 {#FPar1}

**(strictly locally testable).** Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ be an alphabet. A language $\documentclass[12pt]{minimal}
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A more general notion of locality is provided by the locally testable languages. Intuitively, *L* is locally testable if a word *w* being in *L* or not is entirely dependent on a property of the substrings of *w* of some constant length $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in \mathbb {N}_+$$\end{document}$ (that depends only on *L*, not on *w*). Thus, if any two words have the same set of substrings of length *k*, then they are equivalent with respect to being in *L*:

### Definition 2 {#FPar2}
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                \begin{document}$$L \subseteq \varSigma ^*$$\end{document}$ is *locally testable* if there is some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Cellular Automata {#Sec4}
-----------------

In this paper, we are strictly interested in one-dimensional cellular automata with the standard neighborhood. For $\documentclass[12pt]{minimal}
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### Definition 3 {#FPar3}

**(cellular automaton).** A *cellular automaton* (*CA*) *C* is a triple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Q, \delta , \varSigma )$$\end{document}$ where *Q* is a finite, non-empty set of *states*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta :Q^3 \rightarrow Q$$\end{document}$ is the *local transition function*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma \subseteq Q$$\end{document}$ is the *input alphabet*. An element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^3$$\end{document}$ (resp., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^\mathbb {Z}$$\end{document}$) is called a *local* (resp., *global*) *configuration* of *C*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ induces the *global transition function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta :Q^\mathbb {Z}\rightarrow Q^\mathbb {Z}$$\end{document}$ on the configuration space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^\mathbb {Z}$$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta (c)(z) = \delta (c(z-1), c(z), c(z+1))$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z \in \mathbb {Z}$$\end{document}$ is a cell and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in Q^\mathbb {Z}$$\end{document}$.

Our interest in CAs is as machines which receive an input and process it until a final state is reached. The input is provided from left to right, with one cell for each input symbol. The surrounding cells are inactive and remain so for the entirety of the computation (i.e., the CA is bounded). It is customary for CAs to have a distinguished cell, usually cell zero, which communicates the machine's output. As mentioned in the introduction, this convention is inadequate for computation in sublinear time; instead, we require the finality condition to depend on the entire (global) configuration (modulo inactive cells):

### Definition 4 {#FPar4}
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Finally, we relate final configurations and computation results. We adopt an acceptance condition as in \[[@CR18], [@CR21]\] and obtain a so-called ACA; here, the "A" of "ACA" refers to the property that all (active) cells are relevant for acceptance.

### Definition 5 {#FPar5}
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First Observations {#Sec5}
==================
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Constant-time ACA computation has been studied in \[[@CR13], [@CR21]\]. Although in \[[@CR13]\] we find a characterization based on a hierarchy over $\documentclass[12pt]{minimal}
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Theorem 6 {#FPar6}
---------
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Proposition 7 {#FPar7}
-------------

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t:\mathbb {N}_+ \rightarrow \mathbb {N}_+$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(O(t))$$\end{document}$ is closed under union.

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(O(1))$$\end{document}$ is closed under intersection \[[@CR21]\]. It is an open question whether $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(O(t))$$\end{document}$ is also closed under intersection for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in o(n)$$\end{document}$.

Moving beyond constant time, in \[[@CR10]\] we find the following:

Theorem 8 {#FPar8}
---------
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To show the above construction is time-optimal, we use the following observation, which is also central in proving several other results in this paper:

Lemma 9 {#FPar9}
-------

Let *C* be an ACA, and let *w* be an input which *C* accepts in (exactly) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau = \tau (w)$$\end{document}$ steps. Then, for every input $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w'$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{2\tau }(w) = p_{2\tau }(w')$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{2\tau + 1}(w') \subseteq I_{2\tau + 1}(w)$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{2\tau }(w) = s_{2\tau }(w')$$\end{document}$, *C* accepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w'$$\end{document}$ in at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ steps.
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Proposition 10 {#FPar10}
--------------
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If the inclusion of infixes in Lemma [9](#FPar9){ref-type="sec"} is strengthened to an equality, one may apply it in both directions and obtain the following stronger statement:

Lemma 11 {#FPar11}
--------
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Finally, we can show our ACA for $\documentclass[12pt]{minimal}
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Proposition 12 {#FPar12}
--------------
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Main Results {#Sec6}
============
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Time Hierarchy {#Sec7}
--------------
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### Theorem 13 {#FPar13}
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### Proof {#FPar14}
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Intersection with the Regular Languages {#Sec8}
---------------------------------------

In light of Proposition [10](#FPar10){ref-type="sec"}, we now consider the intersection $\documentclass[12pt]{minimal}
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### Theorem 14 {#FPar15}
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In conjunction with Lemma [9](#FPar9){ref-type="sec"}, this yields the following, where the strict inclusion is due to $\documentclass[12pt]{minimal}
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### Theorem 15 {#FPar16}
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### Proof {#FPar17}
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Using Theorems [8](#FPar8){ref-type="sec"} and [15](#FPar16){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(t) \subsetneq \mathsf {LT}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in o(\log n)$$\end{document}$. We can improve this bound to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(O(1)) = \mathsf {SLT}_\vee $$\end{document}$, which is a proper subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LT}$$\end{document}$:

### Theorem 16 {#FPar18}

For every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in o(\log n)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(t) = \mathsf {ACA}(O(1))$$\end{document}$.

### Proof {#FPar19}
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Now let *w* be as above and let *C* accept *w* in (exactly) $\documentclass[12pt]{minimal}
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Relation to Parallel Complexity Classes {#Sec9}
---------------------------------------
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### Proposition 17 {#FPar20}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in o(n)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L \in \mathsf {ACA}(t)$$\end{document}$ is a unary language (i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L \subseteq \varSigma ^+$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\varSigma | = 1$$\end{document}$), then *L* is either finite or co-finite.
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### Proposition 18 {#FPar21}

Let *C* be an ACA with time complexity bounded by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \in o(n)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t(n) \ge \log n$$\end{document}$, and let *t* be constructible in *t*(*n*) space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {poly}(n)$$\end{document}$ time. Then, there is a Turing machine which decides *L*(*C*) in *O*(*t*(*n*)) space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {poly}(n)$$\end{document}$ time.

Thus, for polylogarithmic *t* (where the strict inclusion is due to Proposition [17](#FPar20){ref-type="sec"}):

### Corollary 19 {#FPar22}
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### Theorem 20 {#FPar23}
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### Corollary 21 {#FPar24}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in \mathbb {N}_+$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {ACA}(O((\log n)^k)) \subsetneq \mathsf {L}\text {-uniform }\mathsf {AC}^{k-1}$$\end{document}$.

Because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SC}^1 \not \subseteq \mathsf {AC}^0$$\end{document}$ (regardless of non-uniformity) \[[@CR9]\], this is an improvement on Corollary [19](#FPar22){ref-type="sec"} at least for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = 1$$\end{document}$. Nevertheless, note the usual uniformity condition for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {AC}^0$$\end{document}$ is not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {L}$$\end{document}$- but the more restrictive $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {DLOGTIME}$$\end{document}$-uniformity \[[@CR25]\], and there is good evidence that these two versions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {AC}^0$$\end{document}$ are distinct \[[@CR4]\]. Using methods from \[[@CR2]\], Corollary [21](#FPar24){ref-type="sec"} may be rephrased for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {AC}^0$$\end{document}$ in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {TIME}(\mathsf {polylog}(n))$$\end{document}$- or even $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {TIME}((\log n)^2)$$\end{document}$-uniformity, but the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {DLOGTIME}$$\end{document}$-uniformity case remains unclear.

Decider ACA {#Sec10}
===========

So far, we have considered ACAs strictly as language acceptors. As such, their time complexity for inputs not in the target language (i.e., those which are not accepted) is entirely disregarded. In this section, we investigate ACAs as *deciders*, that is, as machines which must also (explicitly) reject invalid inputs. We analyze the case in which these decider ACAs must reject under the same condition as acceptance (i.e., all cells are simultaneously in a final rejecting state):

Definition 22 {#FPar25}
-------------
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In contrast to Definition [5](#FPar5){ref-type="sec"}, here we must be careful so that the accept and reject results do not overlap (i.e., a word cannot be both accepted and rejected). We opt for interpreting the first (chronologically speaking) of the final configurations as the machine's response. Since the outcome of the computation is then irrelevant regardless of any subsequent configurations (whether they are final or not), this is equivalent to requiring, for instance, that the DACA must halt once a final configuration is reached.

One peculiar consequence of Definition [22](#FPar25){ref-type="sec"} is the relation between languages which can be recognized by acceptor ACAs and DACAs (i.e., the classes $\documentclass[12pt]{minimal}
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Similar to (acceptor) ACAs (Lemma [9](#FPar9){ref-type="sec"}), sublinear-time DACAs operate locally:

Lemma 23 {#FPar26}
--------
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One might be tempted to relax the requirements above to $\documentclass[12pt]{minimal}
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We note that, in addition to Lemmas [9](#FPar9){ref-type="sec"} and [11](#FPar11){ref-type="sec"}, the results from Sect. [4](#Sec6){ref-type="sec"} are extendable to decider ACAs; a more systematic treatment is left as a topic for future work. The remainder of this section is concerned with characterizing $\documentclass[12pt]{minimal}
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The Constant-Time Case {#Sec11}
----------------------

First notice that, for any DACA *C*, swapping the accept and reject states yields a DACA with the same time complexity and which decides the complement of *L*(*C*). Hence, in contrast to ACAs (see discussion following Lemma [9](#FPar9){ref-type="sec"}):

### Proposition 24 {#FPar27}
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Using this, we can prove the following, which characterizes constant-time DACA computation as a parallel to Theorem [6](#FPar6){ref-type="sec"}:

### Theorem 25 {#FPar28}

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {DACA}(O(1)) = \mathsf {LT}$$\end{document}$.
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Beyond Constant Time {#Sec12}
--------------------

Theorem [16](#FPar18){ref-type="sec"} establishes a logarithmic time threshold for (acceptor) ACAs to recognize languages not in $\documentclass[12pt]{minimal}
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### Proposition 27 {#FPar31}
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Conclusion and Open Problems {#Sec13}
============================
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In Sect. [5](#Sec10){ref-type="sec"}, we considered a plausible definition of ACAs as language deciders as opposed to simply acceptors, obtaining DACAs. The respective constant-time class is $\documentclass[12pt]{minimal}
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As for future work, the primary concern is extending the results of Sect. [4](#Sec6){ref-type="sec"} to DACAs. $\documentclass[12pt]{minimal}
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The term "(locally) testable in the strict sense" ((L)TSS) is also common \[[@CR13], [@CR15], [@CR16]\].

Alternatively, one can also think of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {IDMAT}$$\end{document}$ as a (natural) problem on graphs presented in the adjacency matrix representation.

Just as is the case for Turing machines, there is not a single definition for time-constructibility by CAs (see, e.g., \[[@CR12]\] for an alternative). Here, we opt for a plausible variant which has the benefit of simplifying the ensuing line of argument.
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Some proofs have been omitted due to page constraints. These may be found in the full version of the paper \[[@CR17]\].
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